ALGEBRAIC BITS AND PIECES (NOT COMMONLY SEEN AT GCSE)

Factorising quadratics
Quadratic expressions where the coefficient of x? is not equal to 1 are more difficult to factorise.

(Coefficient of X means the number multiplying Xx°, e.g. in 5x?, the coefficient of X? is 5.)

Examples
a) 2x*+5x-3 b) 6x*—11x—10

Indices
A fraction with the sum of two expressions in the numerator and a single expression in the denominator can be split

into two separate fractions and simplified.

Examples
X"+ x* 3x? —6x°
a) 3 b) —
X 2X
20x" +15x°
c) —
5x
o (2a5\? o (16 %
d) Simplify (?) X 3a e) Simplify (ax y)

Index equations —it’s all about the base!
1 2 1 2
1.27+ x 3* =93 2.327 x2¥ =4s




Index equations including hidden quadratics
Solve the following equations, leaving answers in exact form.

1.x*+3x2—-4=0

2.x—8J/x+15=0

3.2(44 1) —3(4* 1) +1=0



SKETCHING QUADRATICS
A quadratic function is one of the form
y=ax’ +bx+c
The shape of the graph is called a parabola.

There are two cases:
If a> 0 then the curve will be like this:

If a<0then the curve will be like this:

/\

Other features of the curve can be
determined as follows:

Intersection points with the X -axis can be
found by putting y =0 and solving the

resulting quadratic equation

Recall that x refers to the input of a function, and the expression f(x) refers to the
output. For graph sketches, we often write y = f(x), i.e. we set the y values to be the

output of the function.

Features needed in
sketch of quadratic?

Recall aroot of a
function is where
the output, in
this case the y
value, is 0.

y

A ‘sketch’ in maths has a clearly

defined meaning:

* We care about the general
shape of the graph, not exact
points.

The axes should have no scale.
Generally the only coordinates
indicated are intercepts with
the axis or other points of
interest (e.g. intersections of
multiple graphs)

=

General shape:

Smiley face or hill?

y-intercept

ax® +bx+c = 0 (if this has no roots then there are no intersection points).

You can also work out where the curve crosses the y-axis by putting x = 0.

By writing the quadratic function in completed square form, it is possible to find the position of the turning point on the

curve.

Solving quadratics — factorise, formula, complete the square and check on calculator

Example
2x* —5x-12=0

Completing the square

Examples
2x% +4x+3
3x?-12x-5

15—8x — x?




Sketching examples

a) y=x>—-4x+3

b) y=—-x*+4x+5

c) y=3x*—24x

Reverse problems
a) The graph of y = ax? + bx + ¢ has a minimum at (3, -6) and passes through (2,0). Find the values of a, b and c.

b) The graph below is a sketch of a quadratic of the form y = ax? + bx + c. Find the values of a, b and c.

2
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INEQUALITIES

Linear and quadratic inequalities are covered at GCSE, but are also covered at A-Level.

Quadratic inequalities — the process

1. Rearrange to get 0 on one side.

2. Solve the quadratic equations to find the critical values.

3. Sketch the curve.

4. Use your sketch to find the required set of values: If the function is < 0, the values of x where the curve is below the

X _axis are needed. If the function is > 0, the values of x where the curve is above the x -axis are needed.

Example 1
Solve the inequality x? — 5x + 4 > 0 and express your solution in set notation.

Example 2
Solve the inequality 2x2 — 7x — 15 < 0 and express your solution in set notation.

Example 3 . IMPORTANT: If an inequality contains a
Find the set of values for which = > 2, x # 0. fraction where X is on the denominator,

you mustn’t multiply the inequality by X.
This is because X could be positive or
negative. Instead, you can multiply the

2
inequality by X because this is always
positive.




Intersections, inequalities, and regions

The values of X for which the curve y = f(x) is below the curve y = g(x) satisfy the inequality f(x) < g(x)
The values of X for which the curve y = f(x) is above the curve y = g(x) satisfy the inequality f(x) > g(x)

Example 1
a) Sketchy = 12 + 4x and y = x2 on the same axes.

b) Find the coordinates of the points of intersection (hint: simultaneous equations!)
c) Use your graph to write down the solution to the inequality 12 + 4x > x?

Regions

To shade the region satisfying a set of inequalities, remember the following:
e Use asolid line if the boundary line/curve is included (i.e. if the inequality involves < or 2)
e Use a dotted line if the boundary line/curve is not included (i.e. if the inequality involves < or >)
e Test a point in the region to check that it is correct

Example 2
Shade the region satisfying

y<3x—2
y>2x%—4x+1

Use the same methods as above!




THE DISCRIMINANT

2
2 ax“+bx+c=0
The b”—4ac part of the quadratic formula is known as the discriminant

—b +Vb? — 4ac
v y X =
Wie say the graph 2a
“touches” the axis.
X
= x
’ y e If b2 — 4ac> 0 then the equation has two distinct real
Distl‘nc"t rea'i roots Equal“roots roots
b* —4ac>0 b* —4ac=0

e If b2 — 4ac = 0 then the equation has one real root (a
repeated root)

| > X
No real roots e If b2 — 4ac < 0 then the equation has no real roots
b? —4ac< 0

Algebraic examples
1. Find the set of values of k for which x2? + kx + 9 = 0 has equal roots.

2. Find the range of values of k for which the equation x% — 4x + k = 0 has two
distinct real roots.

Exam questions

1. The equation x2 + 2px + (3p + 4) = 0, where p is a positive constant, has equal roots.

(a) Find the value of p.

C))

(b) For this value of p, solve the equation x? + 2px + (3p + 4) = 0.




x%2 4+ 5kx + (10k +5) =0
where k is a constant.

Given that this equation has no roots, determine the range of values of k.




Intersection of a curve and line

When finding intersections of curves and lines you must recognise the relationship that exists between the
curve and line.

There are three cases:

i) The line crosses the curve and the points of intersection are distinct

Example:
Find the points of intersection between the curve y = x* & the line y = x+ 2

Solve simultaneously the curve and line to find the points of intersection
DRAW A SKETCH!

v

ii) The line is a tangent to the curve. The point of contact corresponds to two or more identical points of
intersection.

Example:
Find points of intersection between the circle x> +y* =8 & y=x—4. 4

DRAW A SKETCH

v

How do you know if the liNe@ is @ taNGENT?.......eeieeiieeeeee e e e e e e e e e e e e e e e e e anneeaeeeees

iii) The line and curve do not meet so there are no points of intersection.
i.e. when you solve the simultaneous equations, there will be no solutions (discriminant is useful here)

CASE i) the solutions are distinct b? —4ac>0
CASE ii) the solutions are repeated b?—-4ac=0
CASE iii) there are no solutions b? —4ac <0

NOTE: ALWAYS BEAR IN MIND THE DISCRIMINANT WITH THESE TYPES OF QUESTIONS PARTICULARLY WHEN
YOU ARE SOLVING TO FIND POINTS OF INTERSECTION



IMODELLING WITH QUADRATICS

GCSE example: Did you know that the path of a golf ball can be modelled by a quadratic function?

One coordinate has been filled in to
help you

Remember with 5x%, you must square
x first, then multiply by 5.

E.g. when x=2, 5x? = 5x22 = 5x4 = 20.
The coordinate you plot is (2,40)

I

Tiger Woods has hit a shot onto the green. He is interested in how high
he hit the ball so that he can improve dropping the ball dead onto the
green (i.e. the ball doesn’t move after it has hit the ground)

The path of his golf ball is modelled by the quadratic below

y = 30x — 5x?

Plot this quadratic function and find out how high Tiger hit the ball.

X 0 1 2 4 5 6
30x 60
5x2 20
=
L y = 30X-5x2 40

R +
neiyrienrireucs

time in seconds

1. Height of Tiger’s ball?

2. How long did Tiger’s golf ball stay in the air?

3. After how many seconds did Tiger’s golf ball start

to return to ‘Earth’

7

Other key bits of information

e  Maximum point on graph as a coordinate

e Equation of line of symmetry

e  y-intercept as a coordinate

e x-intercept as a coordinate




A-Level example — CONTEXT IS KEY!
You do not want to plot, so sketching, completing the square and solving will need to be used

A spear is thrown over level ground from the top of a tower.
The height, in metres, of the spear above the ground after t seconds is modelled by the function:

h(t) = 1225+ 14.7t —49t%, t>0
a) Interpret the meaning of the constant term 12.25 in the model.
b) After how many seconds does the spear hit the ground?
c) Write h(t) inthe form A — B(t — C)?, where 4, B and C are constants to be found.

d) Using your answer to part c or otherwise, find the maximum height of the spear above the ground, and the time
at which this maximum height is reached?

It is worth sketching the graph first, then altering it, if necessary, to take into account any restrictions in the domain.

/N
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Exam question

HA

=V

o

Figure 1
Figure 1 is a graph showing the trajectory of a rugby ball.

The height of the ball above the ground, H metres, has been plotted against the horizontal distance, x metres, measured
from the point where the ball was kicked.

The ball travels in a vertical plane.
The ball reaches a maximum height of 12 metres and hits the ground at a point 40 metres from where it was kicked.

(a) Find a quadratic equation linking H with x that models this situation.

The ball passes over the horizontal bar of a set of rugby posts that is perpendicular to the path of the ball. The bar is 3
metres above the ground.

(b) Use your equation to find the greatest horizontal distance of the bar from O.

(c) Give one limitation of the model.

(Total 7 marks)



TRANSFORMATIONS - the basics

Edit Function Definitions @Ié]
1. Open up a new 2D graph page and maximise it. F“"“::‘*“"“"’“
flx): | k2
2. Click on the ‘edit functions definitions’ icon f(:g( and you should S
see this box: ® ] == e
3. Enter into the f(x) box x*2 i.e. x> and press ok.
Nothing should appear on your graph page. — - =
The function we will be using is f(x) = x2. Name: Equaton
Equation: | y=f(x)|

4. Click on the ‘enter equation icon’ and type into the BEEEEE BEE
equation field ‘y=f(x)’. FHEUNERD UEE EREE

I Edit Constants I { Startup Options ] { Draw Options J
The graph f(x) = x? should appear. o =] e

| Tr— y B y e

5. Repeat step 4 for the following functions. Use the table to note what happens to the graph. Mention the
shape and what happens to the x-coordinates and the y-coordinates. To help you, pick a point on the original
function f(x) = x?> and see what happens to its coordinates.

Function Transformation from original function f(x) = x?
y=f(x+2)
y=f(x-2)
y = f(2x)
1

= f —
! (2Xj
y=f(x)+2
y=f(x)-2
y=2f(x)

1

==f
y =2 1)
y="f(=x)




6. Complete the below table to show what happens to a function when it undergoes each transformation.
Mention what happens to the shape and the x-coordinates & y-coordinates. In the final column put an x or a
y to indicate which coordinates are affected.

Function Transformation from y=f(x) Coordinates
affected

y=f(x+a)

y = f(ax)

y=f(x)+a

y =af (x)

y=f(-x)

y=-f(x)

If the transformation is inside the brackets then x is affected

If the transformation is outside the brackets then y is affected




Transformation of given sketches of curves

In the exam you will be given a sketch of a function and then asked to transform it.

The key to transforming is to make sure the key coordinates are correct and the general shape of the curve is

correct.
Example: VA
In this example, the key coordinates are A(1,4), B(3,1) & the origin )
(don’t forget this just because the coordinates are not explicitly A(L, 4)
labelled — O has coordinates (0,0). y = f(x)
Sketch the following: 531
a) y=f(x+1)b) y=f(-x) ) y=2f(x) ( x
A good way of answering this question is to set up a table. First
identify the type of transformation and whether it is affecting the x
or y coordinates.
y
Coordinate | flx) | fix+1) ‘Plot’ these newly transformed (0, 4)
0 0,0) | (-1,0) coordinates on the graph
(make sure you do this as the
A (1,4) | (0,4) coordinates how that you’ve
understood the transformation (2, 1)
B 31) | 21) & also helps with shape too). / 1 0
The function y=f(x+1) looks like
this
Activity

Using this approach, complete questions b) & c)

b)
Coordinate | fix) | f(x)
0 (0,0)
A (1,4)
B (3,1)
c)
Coordinate | fix) | 2f(x)
0 (0,0)
A (1,4)
B (3,1)

v

v




Transformations — asymptotes and “less obvious” example

1

y=;
1

Y=7
1
Y =%

v
v

v



Using sketches to help you solve points of intersection

Example
V A
|
|
c
4 0 S
Figure 1

Figure 1 shows a sketch of the curve C with equation
y=Y%+1, xz0
The curve D has equation y = x?(x — 2), for all real values of x.

(a). Sketch a graph of curve D on the graph above.
Show on the sketch the coordinates of each point where the curve D crosses the coordinate axes.

(b) Using your sketch, state, giving a reason, the number of real solutions to the equation

X2(x-2)=Y+1.



INVESTIGATING GRAPHS USING DESMOS.CcCOM
Desmos is a free graphing website and app that is extremely useful and highly
recommended for use at A-Level
Section A: Sketching Quadratic functions

Quadratics have an equation of the form y = ax? + bx + cwhere a, b & c are constants & & # 0

Activity 1 — Positive and negative quadratic functions

1. Plot on Desmos the quadratic function y = x? + 4x + 5and sketch the general
shape on the axes opposite

2. Plot on Desmos the quadratic function y = —x? — x + 2and sketch the general
shape on the axes
opposite

3. By assessing the shape of the quadratic complete the below statements:

When a > Othe shape of the curve will be:

When a < Othe shape of the curve will be:

The shape of the graph is called a parabola.

Activity 2 — finding out where the quadratic curve cuts the coordinate axes
1. Plot on Desmos the quadratic curve y = x2 + 2x — 3and sketch it opposite showing
where the curve cuts the coordinate axes

2. Solve the QUAAratic X2 4 2 — 3 = 0 wooeeeeeeeeeeeeeeeeeeee ettt esa e s se st esaereens

3. Write down the coordinates where the curve cuts the X-axiS.......cccveevveiiiieiveecvver e
4. Write down the coordinates where the curve cuts the y-axis......cccveecveecene e e,

5. Write a brief statement on how you find where the curve cuts the y-axis (ensure you mention what x is equated to)



Activity 3 — finding turning points

1. Plot on Desmos the quadratic curve y = x2 + 2x + 3and sketch it opposite showing
any key coordinates.

2. What do you notice about the curve and the x-axis?

3. Write down the coordinates of the minimum point 0N the CUMVE.........coiiiciii e

4. Complete the square (but do not solve) for the quadraticx? + 2x + 3leaving it in the form (x + p)? + g

5. What do you notice about the minimum point and the numbers p & g? Write a brief statement on how to
find turning points.

Activity 4 — Sketching quadratics and the discriminant

—b £+ Vb? — dac
DISCRIMINANT: b? — 4ac This is part that is beneath the square root in the Tr =

quadratic formula , 2a
when ax“+bx+c=0

Working out the discriminant before sketching a quadratic can be very handy.

1. a) Plot on Desmos the function y = x? — 6x + 5and sketch it opposite.

b) How many solutions are there to the equation x> — 6x + 5 = 0 (hint: how many times
does the curve cross the x-axis?).

2. a) Plot on Demsos the function y = x2 + 6x + 9and sketch it opposite.

b) How many solutions are there to the equation x? + 6x + 9 = 0 (hint: how many times

does the curve cross the x-axis?).

3. a) Plot on Desmos the function y = x2 + 2x + 3and sketch it opposite.



b) How many solutions are there to the equation x? + 2x + 3 = 0 (hint: how many times does the curve
cross the x-axis?).

Using your answers to g1-3 write down how many solutions (or roots) there are to a quadratic when the
discriminant is positive, zero or negative (remember that “roots” means how many times the quadratic touces
or crosses the x-axis).

Section B: Sketching cubic functions

Cubics have an equation of the form y = ax® + bx? + cx + dwhere a, b, ¢ & d are constants & 8 # 0

1. Plot on Desmos the cubic function y = x3 — 2x2 — 3x + 2and sketch the shape of the graph
opposite

2. Plot on Desmos the cubic function y = —x3 + 2x2 + x — 2and sketch the shape of the graph
opposite

3. By assessing the shape of the cubic complete the below statements:

When a > Othe shape of the curve will be:

When a < Othe shape of the curve will be:




Activity 2 — finding out where the cubic curve cuts the coordinate axes

1. Plot on Desmos the cubic function y = x3 — 4x2 + x + 6and sketch it opposite showing
where the curve cuts the coordinate axes

You will be asked to factorise a cubic of the formy = ax® + bx? + cx + d, but for the
purposes of this exercise, you will be given it already factorised.

The cubic x3 — 4x? + x + 6factorises to (x — 2)(x — 3)(x + 1)
2. Write down the coordinates where the curve cuts the X-axis.......cccoeeevverivveiveeiviee e,
3. Write down the coordinates where the curve cuts the y-axis......cccccveveeinininenineneeneeens

4. Write a brief statement on how you find where the curve cuts the y-axis

Activity 3 — cubic functions of the form y = ax3 + bx? + cx

You may be given a cubic function of the form y = ax3 + bx? + cx.

With this type you can factorise easily and subsequently find where the curve cuts
the axes.

1. By first factorising out an x, factorise y = x3 + 3x2 + 2x and solve (equate y to 0)
Now sketch the curve opposite.

How many solutions are there to x3 + 3x? + 2x = 0 (i.e. how many times does it
cross the x-axis?)

NOTE: Indicating where the turning points are located is not required at this stage, but it will be something that you will
have to do.



Activity 4 — different types of cubic

1. Plot on Desmos y = x(x — 2)? and sketch it opposite.

Note that this cubic could be written as y = x(x — 2)(x — 2). In which case there is a
“repeated root” and one other root.

How many solutions are there to x(x — 2)? = 0 (i.e. how many times does it cross the
X-axis?)

Make a brief comment about what happens to the graph when x = 2.

2. Plot on Desmos y = (x — 4)3 and sketch it opposite.

Again, this cubic could be writtenas y = (x — 4)(x — 4)(x — 4).

How many solutions are there to (x — 4)3 = 0 (i.e. how many times does it cross the x-
axis?)

Make a brief comment about what happens to the graph when x = 4.

3. Plot on Desmos y = (x — 1)(x? + x + 2) and sketch it opposite.
How many solutions are there to (x — 1)(x? + x + 2) = 0 (i.e. how many times does it
cross the x-axis?)

Why do you think the answer to the above is so? (Hint: is the quadratic in the second
bracket solvable when equated to 0)?

Section C: Sketching quartic functions
Quartics have an equation of the form y = ax* + bx3 + cx? + dx + e where a, b, ¢, d and e are constants
&a=0

e A positive coefficient of x* will mean the graph ‘goes up’ at both ends

e A negative coefficient of x* will mean the graph ‘goes down’ at both ends

Activity 1

Use Desmos to plot the two curves below and sketch them opposite.
aA)y=(C+DxE+2)(x—-—1(x-2)

b)y = x(x + 2)2(3 — x)

Express these quartics in the formy = ax* + bx® + cx? +dx + e




The tails of a quartic will either both go up or both go down.

In between, the graph will have up to 3 turning points. There may be as many as 4 roots (where the curve
crosses the x-axis.)

Activity 2
Use Desmos to plot these quartics and sketch them on the given axes.

a)y=((x+3)x+2)(x—1)(x—3)
How many distinct roots does it have?
Why do you think this is?

b)y = x(x — 2)?(4 — x)
How many distinct roots does it have?
What happens at x = 2? Why do you think this is?

2 2
9 y=(x-1)"(x-3)
How many distinct roots does it have?
What happens at x =1 and x = 3? Why do you think this is?

dy=x-1D?*x-3)(x+1)
How many distinct roots does it have?

e)y=(x—1)*
How many distinct roots does it have?




Section D: reciprocal graphs
Reciprocal graphs have a general formy = fn

Activity 1
On Desmos plot the curves y =

Ll

LY = ;, y = 1x—0&y = —z. Sketch and label the
curves on the graph opposite.

What happens to the curve as the constant a increases?

Activity 2

a) On Desmos to plot the curve y = xz—z Sketch and label opposite.

b) Repeat for the curve y = — xiz

o - 2
c) For what values of x is this curve similar to that of y = ;?

SECTION E: Using sketches to help you solve points of intersection

1. On the same diagram sketch the curves with equations y = x(x — 3) & y = x%(1 — x). Try doing this
without Desmos and then check your answer using Desmos.

2. How many points of intersection are there?



3. Find the coordinates of intersection and label them on your sketch.

Of course, although graphical calculators are allowed in A-Level exams, you will be asked to find points of
intersection using algebraic techniques i.e. solving simultaneous equations.

SECTION F: Without using Desmos, sketch the below curves (you may use

Desmos to check your answers afterwards)
You need to show on your sketches where the curves cross the coordinate axes (if at all) and show your
algebraic method




y =x%—9x + 20

y=—-x*+8x—15

y =x3+3x%+ 2x

y=x—-3)(x+5)(x+2)

y=(x—-3)%x+2)

y ==(x+5)°




y=(x—-3)x+5x+2)(x+1)

y=(x—2)*(x+5)(x+2)

y = (x — 2)%(x + 5)?

y=(x+2)3x-1)

y =—(x + 3)*

Sketch the following on the same set of axes and show any intersections that the curves may have. You must
show algebraically how you found the points of intersection

Rl






