
TRIGONOMETRY – RULES AND GRAPHS (GCSE RECAP PLUS EXTENSION) 
The cosine rule – where does it come from? 
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Examples 

Find the side c in the triangle opposite. 
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Find the side p in the triangle opposite. 
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The cosine rule – alternative form (use to find an angle) 

 
Rearrange the cosine formula to make ‘cosA’ the subject of the formula 
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You can use this form or alternatively substitute the values as you would into the first form of the equation and 
solve whilst rearranging. 
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Find angle X in triangle XYZ 
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Applied problems (need to be good at your GCSE bearings and geometry here – could be bearings, angles of 
elevation or depression etc.) 
Coastguard station B is 8km, on a bearing of 060o, from coastguard station A. A ship C is 4.8km, on a bearing of 
018o, away from A. Calculate how far C is from B. 
HINT: DRAW A SKETCH! 
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Algebraic example – find x 
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Further problem solving examples using the cosine rule 
 
The three points A, B, and C, with coordinates (0,1), (3,4) and (1,3) respectively, are joined to form a triangle. 
Show that cosC = -4/5. 
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PLEASE NOTE THAT WITH QUESTIONS INVOLVING TRIG RULES, YOU MAY HAVE TO USE MORE THAN ONE RULE 

OR THE SAME RULE TWICE TO ANSWER A QUESTION. 

 



The sine rule – where does it come from? 
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Basic examples 

In the triangle ABC, find the size of the angles A and C. 
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In the triangle XYZ, find the length XY 
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Applied problems (need to be good at your GCSE bearings and geometry here – could be bearings, angles of 
elevation or depression etc.) 
A rescue helicopter is based at an airfield at A. The helicopter is sent out to rescue a man who has had an 
accident on a mountain at M, due north of A. The helicopter then flies on a bearing of 145o to a hospital at H. The 
hospital is on a bearing of 283o and 38km from the airfield. Calculate the direct distance from the mountain to 
the hospital. (DRAW A SKETCH!) 
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The sine rule - ambiguous case 
Suppose you are told that AB = 4, AC = 3 and angle ABC = 44O. What are 
the possible values of angle ACB? 
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Given that the angle  is obtuse, determine the length of x.  
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Finding the area of a triangle using Sine. – where does it come from? 
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1. Basic example – find the area of the triangle below. 
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2. Find the angle, , if  is obtuse and the area of the triangle is 10. 
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3. Find x, if the area of the triangle is 10. 
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SinA SinB SinC
 

Is the triangle 
right angled?

Yes – SOH CAH TOA

No, it’s scalene.

Do you need to find an angle? Do you need to find a side?

Do you have all three sides?

Yes – cosine rule No, sine rule

Do you have two sides and the 
angle in between them?

Yes – cosine rule
SinA SinB SinC

a b c
  No, sine rule

 

 

Sine or cosine or same rule twice? 

1. Find x 
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2. Find y 
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3. Find the area 
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4. The diagram below shows the locations of four mobile 
phone masts in a field. BC = 75m, CD = 80m, angle BCD = 
55O and angle ADC = 140o. In order that the masts do not 
interfere with each other, they must be at least 70m 
apart. Given that A is the minimum distance from D, find: 
a) the distance A is from B 
b) the angle BAD 
c) the area enclosed by the four masts 
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Trigonometric functions and their graphs 
 
y = sinx 
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Properties 

Maximum 
 
Minimum 
 
Period 
 
Axes intercepts 
 
Task 
Use your calculator to find the value of sin30. You should get an answer of 0.5. 
 

Use your graph to find three more angles,, such that sin = 0.5 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 



y = cosx 
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Properties 

Maximum 
 
Minimum 
 
Period 
 
Axes intercepts 
 
Task 
Use your calculator to find the value of cos60. You should get an answer of 0.5. 
 

Use your graph to find three more angles,, such that cos = 0.5 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



y =tanx 
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Properties 

Maximum/ minimum 
 
Period 
 
Asymptotes 
 
Axes intercepts 
 
Task 
Use your calculator to find the value of tan45. You should get an answer of 1. 
 

Use your graph to find three more angles,, such that tan = 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Trigonometric graph transformations 
 
Trigonometric graphs transform the same way that other graphs you have met. 
 
Recap: 
 
Complete the below table to show what happens to a function when it undergoes each transformation.  
Mention what happens to the shape and the x-coordinates & y-coordinates.  In the final column put an x or a 
y to indicate which coordinates are affected. 
 

Function Transformation from y=f(x) Coordinates 
affected 

 axfy    
 
 

 

 axfy    
 
 

 

  axfy    
 
 

 

 xafy    
 
 

 

 xfy    
 
 

 

 xfy    
 
 

 

 
If the transformation is inside the brackets then x is affected 
 
If the transformation is outside the brackets then y is affected 
 
In the exam you will be given a sketch of a function and then asked to transform it.   
The key to transforming is to make sure the key coordinates are correct and the general shape of the curve is 
correct. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Example: 
In this example, the key coordinates are A(1,4), B(3,1) & the origin 
(don’t forget this just because the coordinates are not explicitly 
labelled – O has coordinates (0,0). 
 

 
Sketch the following: 

a)  1 xfy  b)  xfy    c)  xfy 2  

 
A good way of answering this question is to set up a table.  First 
identify the type of transformation and whether it is affecting the 
x or y coordinates. 
 

Coordinate f(x) f(x+1) 

O 
 

(0,0) (-1,0) 

A 
 

(1,4) (0,4) 

B 
 

(3,1) (2,1) 

 
 
Activity 
Using this approach, complete questions b) & c)  
b)          
 

Coordinate f(x) f(-x) 

O 
 

(0,0)  

A 
 

(1,4)  

B 
 

(3,1)  

 
c)     
 

Coordinate f(x) 2f(x) 

O 
 

(0,0)  

A 
 

(1,4)  

B 
 

(3,1)  

 
 
 
 
 
 
 
 
 

‘Plot’ these newly transformed 
coordinates on the graph 
(make sure you do this as the 
coordinates how that you’ve 
understood the transformation 
& also helps with shape too).   
The function y=f(x+1) looks like 
this 



Now apply the transformation rules to some trig graphs. 
 
Opposite is the curve y = sinx for 0 ≤ x ≤ 360o 
Sketch the curve with the below equations. 
Each time, state the maximum and minimum 
and the axes intercepts. 
 
a) y = 3sinx 
 
b) y = 2 + sinx 
 
c) y = -sinx 
 
d) y = sin(-x) 
 
e) y = sin(0.5x) 
 
f) y = sin(x+30) 
 
g) y = sin(x-30) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

-360 -270 -180 -90 90 180 270 360

-1

-0.5

0.5

1

x

y



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Below is the graph of y = tanx for 0 ≤ x ≤ 360o 
On the axes opposite, sketch the graph of y = tan(x - 90). Note down any axes intercepts and the equations of 

the asymptotes. 
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Question 6, p198 – investigating the relationship between cosine and sine. 
a) Sketch the graphs of the following functions on separate axes: 
i) cosx & cos(-x) 
ii) sinx, –sinx & sin(-x) 
iii) sin(x – 90) & -cosx 
 
Make a note of the relationships you have found. 
 
b) Use the results in a ii and iii to show that sin(90 – x) = cosx 
 
c) In example 14, p196, you saw that cos(x – 90) = sinx. 
Use this result with part a i) to show that cos(90 – x) = sinx 
 



The unit circle 
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PROVING TRIGONOMETRIC IDENTITIES 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Prove that 1 − tan𝜃 sin 𝜃 cos 𝜃 ≡ cos2 𝜃 

tan 𝑥 =
sinሺ𝑥ሻ

cosሺ𝑥ሻ
 

sin2 𝑥 + cos2 𝑥 = 1 

Recall that ≡ means ‘equivalent to’, and just 

means the LHS is always equal to the RHS for all 

values of 𝜃. 

From Chapter 7 (‘Proofs’) we saw that usually 

the best method is to manipulate one side (e.g. 

LHS) until we get to the other (RHS). 

Prove that tan 𝜃 +
1

tan𝜃
≡

1

sin𝜃 cos𝜃
 

Tip: In any addition/subtraction involving at least one 

fraction (with trig functions), always combine 

algebraically into one. 

Prove that tan2 𝜃 ≡
1

cos2 𝜃
− 1 



 

Prove that 
tan𝑥 cos𝑥

ξ1−cos2 𝑥
≡ 1 

Prove that 
cos4 𝜃−sin4 𝜃

cos2 𝜃
≡ 1 − tan2 𝜃 



Trigonometric equations 

Trig identities already met: 

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
= 𝑡𝑎𝑛𝑥 

𝑐𝑜𝑠2𝑥 + 𝑠𝑖𝑛2𝑥 = 1 

Solve the equation 𝑠𝑖𝑛𝑥 = 0.5 

The calculator gives us the solution x = 30o (i.e. 𝑥 = 𝑠𝑖𝑛−1(0.5)) 

BUT, by considering the graphs of 𝑦 = 𝑠𝑖𝑛𝑥 and 𝑦 = 0.5,  we can see that there are many more solutions:    

 

Every point of intersection of 𝑦 = 𝑠𝑖𝑛𝑥 and  𝑦 = 0.5   gives a solution!  

 In the interval shown there are 10 solutions, but in total there are an infinite number.   

You will always be given a range from which you have to find the solutions 

Example 1 

Solve 𝒔𝒊𝒏𝒙 = 𝟎. 𝟓 for 𝟎 ≤ 𝒙 ≤ 𝟑𝟔𝟎° - using the graph 

 

The line 𝑦 = 0.5 meets the sine curve twice and it’s easy to see from symmetry what the other solution is. 

 

 

 

This is known as the principal solution 



 

Solve 𝒔𝒊𝒏𝒙 = 𝟎. 𝟓 for 𝟎 ≤ 𝒙 ≤ 𝟑𝟔𝟎° - using the CAST diagram 

 

Putting 30o in the four positions shown gives the angles 30o, 150o, 

210o, 330o but sine is only positive in the first and second quadrants 

so 30o & 150o are the answers. 

 

 

 

Example 2 

Solve the equation 𝒄𝒐𝒔𝒙 = −𝟎. 𝟓 in the interval 𝟎 ≤ 𝒙 ≤ 𝟑𝟔𝟎° 

The calculator gives the principal value of 120o 

 

Using the principal value and symmetry, the second solution is 240o. 

Using the CAST diagram 

S    A 

     

      

T    C 
 

 

 

 

 



Example 3 

Solve the equation 𝒕𝒂𝒏𝒙 = 𝟐 in the interval 𝟎 ≤ 𝒙 ≤ 𝟑𝟔𝟎° giving answers correct to the nearest degree 

 

The principal value gives 630. Using the tan graph’s periodic nature, we can find the second solution in the interval as 

243o 

Using the CAST diagram 

S    A 

     

      

T    C 
 

Using either the graph or CAST diagram to answer the below equations 

𝑐𝑜𝑠𝑥 = 0.5 for 0 ≤ 𝑥 ≤ 360° 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

.................................................................................................................................................................................................  

.................................................................................................................................................................................................  

𝑠𝑖𝑛𝑥 =
√3

2
 0 ≤ 𝑥 ≤ 360° 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

.................................................................................................................................................................................................  



𝑡𝑎𝑛𝑥 = −0.5 for −180° ≤ 𝑥 ≤ 360° 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

.................................................................................................................................................................................................  

 

Solving equations of the form 𝐬𝐢𝐧(𝒏𝜽 + 𝜶) = 𝒌, 𝐜𝐨𝐬(𝒏𝜽 + 𝜶) = 𝒌 & 𝒕𝒂𝒏(𝒏𝜽 + 𝜶) = 𝒑 

Example 4 

Solve the equation 𝑠𝑖𝑛2𝜃 = 0.5 for the interval −180° ≤ 𝜃 ≤ 180° 

Let 𝑥 = 2𝜃 (that way the equation is reduced to the type we have already met) 

This leaves 𝒔𝒊𝒏𝒙 = 𝟎. 𝟓 

 

Since we are looking at 𝑠𝑖𝑛2𝜃 then the interval we should be focussing on is −360° ≤ 𝑥 ≤ 360° 

The other solutions are 𝑥 = 2𝜃 = −330°, −210°, 30°, 150° 

So 𝜃 = −165°, −105°, 15°, 75° 

Using the CAST diagram 

S    A 

     

      

T    C 
 

 

−360 −270 −180 −90 90 180 270 360

−2

−1

1

2

x

y



Example 5 

Solve the equation sin(2𝜃 − 35) ° = −1 in the interval −180° ≤ 𝜃 ≤ 180° 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

.................................................................................................................................................................................................  

 

Using the CAST diagram 

S    A 

     

      

T    C 
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Solving quadratic trigonometric equations 

Example 6 

Solve 𝑠𝑖𝑛2𝑥 =
1

4
 for the interval −180° ≤ 𝑥 ≤ 180° 

 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

.................................................................................................................................................................................................  

Example 7 

Solve 2𝑐𝑜𝑠2𝜃 + 3𝑐𝑜𝑠𝜃 − 2 = 0 for the interval 0 ≤ 𝜃 ≤ 360° (hint: let 𝑥 = 𝑐𝑜𝑠𝜃) 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

.................................................................................................................................................................................................  

 

 

 



Solve 6𝑐𝑜𝑠2𝑥 − 𝑐𝑜𝑠𝑥 − 1 = 0 for the interval 0 ≤ 𝑥 ≤ 360° (hint: these quadratic equations should factorise) 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

.................................................................................................................................................................................................  

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

.................................................................................................................................................................................................  

Solve the equation 2𝑐𝑜𝑠2𝑥 − 𝑐𝑜𝑠𝑥 = 0 for the interval −180° ≤ 𝑥 ≤ 180°. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 
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................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

 

 

 

 

 

 

 

 

 

 

 



Using identities to help solve trigonometric equations  

Example 8 

Solve the equation 3𝑠𝑖𝑛2𝜃 + 5𝑐𝑜𝑠𝜃 − 5 = 0 for the interval 0 ≤ 𝜃 ≤ 360°  
(hint: use the identity: 𝑐𝑜𝑠2𝑥 + 𝑠𝑖𝑛2𝑥 = 1) 
................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

.................................................................................................................................................................................................  

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

................................................................................................................................................................................................. 

 

Example 9 

Solve the equation 𝑠𝑖𝑛𝜃 = −𝑐𝑜𝑠𝜃 for the interval – 180 ≤ 𝑥 ≤ 180 (hint: use 
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
= 𝑡𝑎𝑛𝑥) 

................................................................................................................................................................................................. 
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Cast diagram problems 

1. Given that 𝑐𝑜𝑠𝜃 = −
3

5
 and that 𝜃 is reflex, find the exact value of 𝑠𝑖𝑛𝜃 

 

S    A 

     

      

T    C 
 

 

2. Given that 𝑠𝑖𝑛𝜃 =
2

5
 and that 𝜃 is obtuse, find the exact value of 𝑐𝑜𝑠𝜃 

 

S    A 

     

      

T    C 
 

 

 

 



A 

B 

Differentiation 
 
Introduction 
Find the gradient of the following straight lines 

 
Reminder 

As shown above we know that the gradient of a straight line is given by: 
12

12

xx

yy
m




 .   

We also know that the gradient of a straight line is the same at all points on the line. 
 
 
It is clear from this sketch that as you move along this curve from point A to 
point B, the gradient of the curve changes i.e. the curve’s gradient is not 
constant. 
 
 
 
 
 
 
 
 
The gradient of a curve at a specific point is defined as being the same as 
the gradient of the tangent to the curve at that point. 
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Activity:  

The points shown on the curve 
2xy   are (0, 0), A(0.5, 0.25), B(1, 1), C(1.5, 2.25) & D(2, 4) 

1. Find the gradients of: 
 

i) OB…………………………………………………………………………………………………………………………………………………… 
 
ii) AB…………………………………………………………………………………………………………………………………………………… 
 
iii) BC…………………………………………………………………………………………………………………………………………………… 
 
iv) BD…………………………………………………………………………………………………………………………………………………… 

 
2. Between which two numbers does the gradient at B lie?……………………………………………………………… 
 

 
3. Now find the gradient of the chord BP where P has coordinates: 
 
a) (1.1, 1.21)  b) (1.01, 1.0201)  c) (1.001, 1.002001)   
(remember B has coordinates (1, 1) 
……………………………………………………………………………………………………………………………………………………………………………

……………………………………………………………………………………………………………………………………………………………………………

……………………………………………………………………………………………………………………………………………………………………………

……………………………………………………………………………………………………………………………………………………………………………

……………………………………………………………………………………………………………………………………………………………………………

……………………………………………………………………………………………………………………………………………………………………………

……………………………………………………………………………………………………………………………………………………………………………

……………………………………………………………………………………………………………………………………………………………………………

…………………………………………………………………………………………………………………………………………………………………………… 

 



d) (1+h, (1+h)2) 
…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

 
Further investigations – first principles 
 

If we use   2xxf   then any coordinate on the curve will 

be   xfx,  

The point B has coordinates  2, xx  & the point C has 

coordinates  2)(, hxhx    

 
Find the gradient of the chord BC. 
 
……………………………………………………………………………………………………………………………………………………………………………

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

 
You can use a similar approach to establish the gradient formula for 

  2xxf   

This time the coordinates of the point B are   xfx,  and the point C has 

coordinates   hxfhx  ,  

 

If   2xxf   then    2hxhxf   - just like in the above example 

From GCSE we know that 
12

12

xx

yy
m




  

When h is small the gradient of the chord is close to the gradient of the tangent, and 2+h is close to the 
value 2.  So we deduce that the gradient of the tangent at the point (1,1) is 2. 



The gradient of chord BC is 
       

h

xfhxf

xhx

xfhxf 





 

So as h becomes small and the gradient of the chord becomes close to the gradient of the tangent, the 
definition of  xf ' is given as: 

   
h

xfhxf

h



0
lim  

 
Where  xf '  is the gradient of the curve at the point B 

 

 
The process of finding a function,  xf ' , to generate the gradient at all points on a curve is called 

DIFFERENTIATION 
 

Further notation: When you differentiate you are finding  xf ' , 
dx

dy
, 1st derivative, gradient function 

dx

dy
is called the derivative of y with respect to x. 

 

 
Use first principles to answer the following questions: 
 

1.   3xxf   

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

 

2.   22xxf   

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

 
 
 

Means as h 

approaches 0 



3.   cbxaxxf  2
 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

 
 
Take a look at these functions and their derivatives: 

𝑦 = 𝑥3  

𝑦 = 2𝑥2 

𝑦 = 5𝑥4 

𝑦 = 2𝑥6 

𝑦 = 3𝑥
1
2 

𝑦 = 2𝑥−3 

 

Can you spot a general pattern? 

 
 
 
 
 
 Examples (an exam may ask you to simply differentiate a function in one of the earlier questions): 
 

Find 
dx

dy
in each of the following: 

 

a) 34x   b) 4   c) 312 x   d) 462  xx   e) 32 x   
 
…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

 
 
 
 
 
 



Trickier examples – you need to be really good at manipulating indices, surds and fractions 
 
 

f) 
x4

1
 g) 

x

x 2
 h)  133 xx   i) 

𝑥2+5

3√𝑥
  j) 

x
x

82   

 
…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

……………………………………………………………………………………………………………………………………………………………………………

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

 

 
 
 
 
 
 



Classic Question  
 

Let   384 2  xxxf  

 
a) Find the gradient of y = f(x) at the point (0.5, 0). 
 
b) Find the coordinates of the point on the graph of y = f(x) where the gradient is 8. 
 
c) Find the gradient of y = f(x) at the points where the curve meets the line y = 4x – 5 
…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 



Equations of Tangents and Normals 
 

1. Equation of a tangent 
 
This is the easy one.  You may be asked to find the equation of the tangent to 
the curve at a specific point. 

a) Differentiate to find the gradient function 
b) Find the gradient of the tangent at that point (A in this general case) by 

substituting the x coordinate into the gradient function 
c) Use coordinate geometry and  11 xxmyy   to find the equation of 

the gradient. 
 

Example: Find the equation of the tangent to the curve 123 23  xxxy  at the point (3, 5). 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

2. Equation of the normal 
 
This process is similar to that above except for one thing.  Remember that if the gradient of the tangent at A is 

 af ' then the gradient of the normal at A is 
 af '

1
. 

Example: Find the equation of the normal to the curve with equation xy 38 at the point where x = 4. 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 
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Increasing & decreasing functions 
 
This is an example of an increasing function.   
The function, f, increases as x increases. 
 
For an increasing function the gradient is positive at all 
points on the graph. 
 
 
 
 
 
 
This is an example of a decreasing function.  The 
function, f¸ decreases as x increases. 
 
For a decreasing function the gradient is negative at all 
points on the graph.  
 
 
 
 
 
Some functions increase as x increases in one interval 
and decrease as x increases in another interval. 
 
What is happening to this function when…. 
 

a) x>0 
………………………………………………………………………………. 

b) x<0 
………………………………………………………………………………. 

c) x=0 
………………………………………………………………………………. 
 

 
 
Example 

Show that the function   3243  xxxf  (where x ) is an increasing function. 

Hint: differentiate  
 
……………………………………………………………………………….……………………………………………………………………………….…………

……………………………………………………………………………….……………………………………………………………………………….…………

……………………………………………………………………………….……………………………………………………………………………….…………

……………………………………………………………………………….……………………………………………………………………………….…………

……………………………………………………………………………….……………………………………………………………………………….…………

……………………………………………………………………………….……………………………………………………………………………….…………

……………………………………………………………………………….……………………………………………………………………………….………… 

dx

dy
 

dx

dy
 

Don’t worry too much about this.  It just means 
that x is part of the real numbers  



 
 
Example 

Find the values of x for which the function   xxxxf 93 23  is a decreasing function. 

……………………………………………………………………………….……………………………………………………………………………….…………

……………………………………………………………………………….……………………………………………………………………………….…………

……………………………………………………………………………….……………………………………………………………………………….…………

……………………………………………………………………………….……………………………………………………………………………….…………

……………………………………………………………………………….……………………………………………………………………………….…………

……………………………………………………………………………….……………………………………………………………………………….…………

……………………………………………………………………………….……………………………………………………………………………….………… 

 
Second derivatives – just differentiate again! 

You may just need to find the 2nd derivative 2

2

dx

yd
(2nd derivative). It does have a purpose, as we’ll see later.   

Example:   4xxf  .  Find 
dx

dy
& 2

2

dx

yd
. 

  
…………………………………………………………………………………………………………………………………………………………………………… 

…………………………………………………………………………………………………………………………………………………………………………… 

Stationary Points  
 
A point on a curve at which the gradient is zero  
i.e. where  
 
 
There are three types of stationary point. 
 
Maximum point – the point where f(x) stops 
increasing and begins to decrease  
 
Minimum point – the point where f(x) stops 
decreasing and begins to increase 
 
Finding the coordinates of the stationary point 

At stationary points 0
dx

dy
.  We need to solve 0

dx

dy
. 

Example  

Find the coordinates of the turning point on the curve with equation xxy 324  . 

……………………………………………………………………………….……………………………………………………………………………….…………

……………………………………………………………………………….……………………………………………………………………………….…………

……………………………………………………………………………….……………………………………………………………………………….…………

……………………………………………………………………………….……………………………………………………………………………….…………

……………………………………………………………………………….……………………………………………………………………………….………… 

0
dx

dy



 

Classifying stationary points  

a) Considering points either side of the turning points for the function xxy 324   

Example  
 

 
Value of x 

   

 
Gradient 

   

 
Shape of curve 

   

 
……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

Example  

Find the stationary points for the curve 196 23  xxxy .  Ascertain if they are maximum or minimum 

points by considering points either side of the turning points. 
 

 
Value of x 

   

 
Gradient 

   

 
Shape of curve 

   

 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

b) Using the second derivative test 2

2

dx

yd
 

If 0
2

2


dx

yd
, the point is a local minimum point. If 0

2

2


dx

yd
, the point is a local maximum point 

If 0
2

2


dx

yd
, the point could be a maximum point, a minimum point or a point of inflexion.  We would have to 

consider the points either side of the turning points. 

Using the same function as in the above example, 196 23  xxxy , find and evaluate 2

2

dx

yd
at these turning 

points. 
Ascertain if they are maximum or minimum points. 
 
……………………………………………………………………………….……………………………………………………………………………….………… 

 
Value of x 

   

 
Gradient 

   

 
Shape of curve 
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……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

Point of Inflection – the gradient of the curve does not change sign as we pass through 
the point.   
A point of inflexion that has a gradient of 0 is called a saddle point or horizontal point of 
reflexion. 
A point of inflexion which has a non-zero gradient is called a non-stationary point of 
inflection. 
 
Consider 𝑓(𝑥) = 𝑥5 − 15𝑥3. 
a) Find the stationary points on this curve. 
……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

b) Use the second derivative test to ascertain if each stationary point is a 
minimum or maximum or point of inflection. 
……………………………………………………………………………….………………………………………

……………………………………….………………………………………………………………………………

………….……………………………………………………………………………….…………………………

……………………………………………………………….………………………………………………………

……………………….………………………………………………………………………………………….…

…………………………………………………………………………….…………………………………………

……………………………………………….………………………………………………………………………

……….………………………………………………………………………………………….……………… 

Finding the greatest (or least) value of functions. 
Example  

Find the greatest value of 26 xx  .  State the range of the function   26 xxxf   

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 
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……………………………………………………………………………….……………………………………………………………………………….………… 

Sketching gradient functions - investigate 
 
1. 𝑓(𝑥) = 𝑥3 − 6𝑥2 + 9𝑥 + 1 
Find 𝑓′(𝑥) and plot on the graph opposite. 
 
 
Write down what the gradient function looks like at key 
points on the original function. 
 
 

y = f(x) y = f’(x) 

Maximum or minimum  

Positive gradient  

Negative gradient  

 
 
 
2. 𝑓(𝑥) = 𝑥3 
 
This curve has a point of inflection at (0,0). Find the gradient 
function and plot it opposite. What happens on f’(x) at the 
point of inflection (0,0) on f’(x). 
 
 
 
 
 
 
 
 
3.  
On the graph opposite, we have 
asymptotes on the original function, f(x), 
at y = 1 (horizontal) and x = 2 (vertical). 
 
What happens to these asymptotes 
when f’(x) is plotted? 
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In the exam, you probably will not have the equation of the curve, f(x), but only its shape and some key 
coordinates. It’s down to you to figure out what the gradient function looks like. 
Use the summary table below to help you. 
 

 
Example 





Exam question  
The diagram above shows an open-topped water tank, in the 
shape of a cuboid, which is made of sheet metal. The base of the 
tank is a rectangle x metres by y metres. The height of the tank 
is x metres. 

The capacity of the tank is 100 m3. 

(a) Show that the area A m2 of the sheet metal used to make the 
tank is given by 

  

(4) 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

(b) Use calculus to find the value of x for which A is stationary. 
(4) 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

(c) Prove that this value of x gives a minimum value of A. 
(2) 

(d) Calculate the minimum area of sheet metal needed to make the tank. 
(2) 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 

……………………………………………………………………………….……………………………………………………………………………….………… 
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Integration (indefinite) 
 
Consider 𝑦 = 𝑥2 + 3 and 𝑦 = 𝑥2 − 1 
 
Both have gradient functions of 2x. 
In effect, they are the same graph but on different 
places on the x, y plane. Alternatively, one is a 
transformation of the other. 
 
 
 
 
 
 
 
 
Integration is the reverse of differentiation. So, when we 

have 
𝑑𝑦

𝑑𝑥
= 2𝑥, we need to ask ourselves “what 

differentiates to leave 2𝑥” 
In this example, we know that it will integrate to x2, but 
we don’t know if there is a constant like “+ 3” and “- 1” 
above. 
To combat this, we write “+ C” after. 
 

i.e. if 
𝑑𝑦

𝑑𝑥
= 2𝑥 then 𝑦 = 𝑥2 + 𝐶 

 
This is called the constant of integration. 

When we plot 
𝑑𝑦

𝑑𝑥
= 2𝑥, we get a family of curves. 

The dashed lines mark the path of a quadratic, as this is 
what the integral is, but no graph is specifically plotted 
due to the unknown constant. 
  
 
To differentiate, we “decrease the power by one and multiply by the old power” 
 

i.e. if 𝑦 = 𝑎𝑥𝑛 then 
𝑑𝑦

𝑑𝑥
= 𝑛𝑎𝑥𝑛−1 

 
To integrate, we “increase the power by one and divide by the new power”  
 

i.e. if 
𝑑𝑦

𝑑𝑥
= 𝑎𝑥𝑛 then  

 
 
Example 1 
Find the equation of the family of curves, which have a gradient 

function given by 
𝑑𝑦

𝑑𝑥
= 6𝑥2. 

 
 
 
 
 
 
 
 
 
 

1
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Further examples 

a) Find the equation of the family of curves, which have a gradient function given by 
𝑑𝑦

𝑑𝑥
= 3𝑥 − 1. 

 
 
 
 
 

b) Find the equation of the family of curves, which have a gradient function given by 
𝑑𝑦

𝑑𝑥
= 3𝑥2 + 4𝑥. 

 
 
 
 
 

c) Find the equation of the family of curves, which have a gradient function given by 
𝑑𝑦

𝑑𝑥
= 𝑥2 −

1

2
𝑥 + 1. 

 
 
 
 
 
Notation: 
 

 
 
 
Harder examples 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 



 
Finding functions (by finding the constant of integration) i.e. finding the “+C” 
 
Example 

Find the equation of the curve which passes through the point (1,2) and has gradient function 
𝑑𝑦

𝑑𝑥
= 𝑥2 − 𝑥 + 2 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Tougher example 

Find the equation of the curve which passes through the point (0,1) and has gradient function 
𝑑𝑦

𝑑𝑥
=

𝑥2+3

√𝑥
 

 
 
 
 
 



DEFINITE INTEGRATION  

Definite integration 

Previously, you were asked to find indefinite integrals i.e. making sure you added the ‘+C’ at the end. 

The definite integral is defined as 

                           ∫ 𝑓′(𝑥)  𝑑𝑥 = [𝑓(𝑥)]𝑏
𝑎

= 𝑓(𝑏) − 𝑓(𝑎)
𝑏

𝑎
 

Definite integration results in a value 

Example 1 

∫ 3𝑥2 + 4𝑥 − 1  𝑑𝑥
2

1

 

…………………………………………………………………………………………………………………………………………………………...……………………………

……………………………………………………………………………………………………………………………...…………………………………………………………

………………………………………………………………………………………………...………………………………………………………………………………………

…………………………………………………………………...…………………………………………………………………………………………………………………… 

Example 2 

∫
2 + √𝑥

𝑥2
𝑑𝑥

4

1

 

…………………………………………………………………………………………………………………………………………………………...……………………………

……………………………………………………………………………………………………………………………...…………………………………………………………

………………………………………………………………………………………………...………………………………………………………………………………………

…………………………………………………………………...……………………………………………………………………………………………………………………

……………………………………...………………………………………………………………………………………………………………………………………………… 

Example 3 

If ∫ 3√𝑥𝑑𝑥
𝑘

1
= 14, find the value of k.  

…………………………………………………………………………………………………………………………………………………………...……………………………

……………………………………………………………………………………………………………………………...…………………………………………………………

………………………………………………………………………………………………...………………………………………………………………………………………

…………………………………………………………………...……………………………………………………………………………………………………………………

……………………………………...………………………………………………………………………………………………………………………………………………… 

Example 4 

Given that P is a constant and ∫ (2𝑃𝑥 + 7)𝑑𝑥 = 4𝑃25

1
, show that there are two possible values for P find these values. 

…………………………………………………………………………………………………………………………………………………………...……………………………

……………………………………………………………………………………………………………………………...…………………………………………………………

………………………………………………………………………………………………...………………………………………………………………………………………

…………………………………………………………………...……………………………………………………………………………………………………………………

……………………………………...………………………………………………………………………………………………………………………………………………… 

Definite integration and areas beneath curves 

Limits of integration 



Definite integration can be used to find areas beneath curves. 

Example 1 

∫ 3𝑥2 + 2  𝑑𝑥
1

0
  gives the area shaded on the graph 

The limits of integration give the boundaries of the area 

x = 0 is the lower limit (the left hand boundary) 

x = 1 is the upper limit (the right hand boundary) 

…………………………………………………………………………………………………………………………………………………………...……………………………

……………………………………………………………………………………………………………………………...…………………………………………………………

………………………………………………………………………………………………...………………………………………………………………………………………

…………………………………………………………………...…………………………………………………………………………………………………………………… 

Example 2 

Find the area between the curve 𝑦 = 𝑥2 − 2𝑥, the x-axis and the lines x = -1 and 

x = 0. 

…………………………………………………………………………………………………………………………………………………………...……………………………

……………………………………………………………………………………………………………………………...…………………………………………………………

………………………………………………………………………………………………...……………………………………………………………………………………… 

Example 3 

Find the area between the curve 𝑦 = 𝑥2 − 2𝑥, the x-axis and the lines x = 0 and 

x = 1. 

…………………………………………………………………………………………………………………………………………………………...……………………………

……………………………………………………………………………………………………………………………...…………………………………………………………

………………………………………………………………………………………………...………………………………………………………………………………………

…………………………………………………………………...…………………………………………………………………………………………………………………… 

Applications in Mechanics 
 
The area under a velocity-time graph represents distance travelled. 

So 𝑠 = ∫ 𝑣 𝑑𝑡
𝑏

𝑎
 

 
Also: 𝑣 = ∫ 𝑎  𝑑𝑡 

You will do more work on this in the applied section of this course. 

 

 



More on area beneath the x-axis CARE NEEDS TO BE TAKEN – SKETCHING WILL HELP! 
 

Find ∫ 𝑥3 − 4𝑥2 + 3𝑥 𝑑𝑥
3

0
 

 
…………………………………………………………………………………………………………………………………………………………...……………………………

……………………………………………………………………………………………………………………………...…………………………………………………………

………………………………………………………………………………………………...………………………………………………………………………………………

…………………………………………………………………...…………………………………………………………………………………………………………………… 

 
Find the area enclosed between the curve, 𝑦 = 𝑥3 − 4𝑥2 + 3𝑥  the x-axis and the lines x = 0 and x = 3. 
 
 
First, find the x-intercepts by solving the cubic by factorising. 

……………………………………………………………………………………………………………………………...

………………………………………………………………………………………………………………………………

…………………………...……………………………………………………………………………………… 

Draw a sketch to show what the cubic looks like……….. 
 
………………………………………………………………………………………………………………………………

…………………………...…………………………………………………………………………………………………

………………………………………………………...……………………………………………………………………

……………………………………………………………………………………...…………………………………………………………………………………………………

………………………………………………………...………………………………………………………………………………………………………………………………

………………………………………………………………………………………………………………………………………………...………………………………………

…………………………………………………………………………………………………………………...……………………………………………………………………

……………………………………………………………………………………...…………………………………………………………………………………………………

………………………………………………………...………………………………………………………………………………………………………………………………

………………………………………………………………………………………………………………………………………………...………………………………………

…………………………………………………………………………………………………………………...……………………………………………………………………

……………………………………………………………………………………...…………………………………………………………………………………………………

………………………………………………………...………………………………………………………………………………………………………………………………

………………………………………………………………………………………………………………………………………………...………………………………………

…………………………………………………………………………………………………………………...……………………………………………………………………

……………………………………………………………………………………...…………………………………………………………………………………………………

………………………………………………………...………………………………………………………………………………………………………………………………

………………………………………………………………………………………………………………………………………………...………………………………………

…………………………………………………………………………………………………………………...……………………………………………………………………

……………………………………………………………………………………...…………………………………………………………………………………………………

………………………………………………………...………………………………………………………………………………………………………………………………

………………………………………………………………………………………………………………………………………………...………………………………………

…………………………………………………………………………………………………………………...…………………………………………………………………… 

 



Using definite integration to find areas between a curve and a straight line 

Example 1 

Find the area enclosed by the line and the curve. (Hint: find 

the key coordinates first) 

………………………………………………………………………………………………

…………………………………………………………...…………………………………

………………………………………………………………………………………………

………………………...……………………………………………………………………

……………………………………………………………………………………...………

…………………………………………………………………………………………………………………………………………………...……………………………………

……………………………………………………………………………………………………………………...…………………………………………………………………

………………………………………………………………………………………...………………………………………………………………………………………………

…………………………………………………………...…………………………………………………………………………………………………………………………… 

Exam question (hardcore) 

The diagram shows the line y = x – 1 meeting the curve with 

equation 𝑦 = (𝑥 − 1)(𝑥 − 5) at A & C. The curve meets the x-axis 

at A & B. 

a) Write down the coordinates of A & B and find the 

coordinates of C. 

b) Find the area of the shaded region bounded by the line, 

the curve and the x-axis. 

…………………………………………...…………………………………………………………

………………………………………………………………………………………………...………………………………………………………………………………………

…………………………………………………………………...……………………………………………………………………………………………………………………

……………………………………...…………………………………………………………………………………………………………………………………………………

………...…………………………………………………………………………………………………………………………………………………………...…………………

………………………………………………………………………………………………………………………………………...………………………………………………

…………………………………………………………………………………………………………...……………………………………………………………………………

……………………………………………………………………………...…………………………………………………………………………………………………………

………………………………………………...………………………………………………………………………………………………………………………………………

…………………...…………………………………………………………………………………………………………………………………………………………...………

…………………………………………………………………………………………………………………………………………………...……………………………………

……………………………………………………………………………………………………………………...…………………………………………………………………

………………………………………………………………………………………...………………………………………………………………………………………………

…………………………………………………………...……………………………………………………………………………………………………………………………

……………………………...…………………………………………………………………………………………………………………………………………………………..

.…………………………………………………………………………………………………………………………………………………………...……………………………

……………………………………………………………………………………………………………………………...…………………………………………………………

……………………………………………………………………………………………………………………………...………………………………………………………… 


